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Abstract 
Let KY be the Euclidean space with the standard metric d. In this paper, we prove the 
following: 
(1) Let n 3 3 and X be a nondegenerate, i.e., containing more than one point, compact 
subset of W’ such that for each pair x, y of distinct points of X, the midset M(x, y) = {z E 
X: d(x, z) = d(y, z)} is a boundary of a convex (n - l&cell. Then X is a boundary of a 
convex n-cell. 
(2) Let n > 2 and X be a nondegenerate subset of Iw” such that for each pair x, y of 
distinct points of X, M(x, y) is a convex (n - l&cell. Then X is a convex n-cell. 
Keywords: Midset; n-dimensional Euclidean space; Convex n-sphere; Convex n-cell; Com- 
pact 
Ah4S (MOS) Subj. Class.: 52A20, SE45 
1. Introduction and preliminaries 
Let (X, d) be a metric space. For any pair x, y of distinct points of X the set 
{z EX: d(z, x> = d(z, y)} is called the midset of x and y (with respect to d). The 
following general question was studied by several authors in various contexts. 
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Question. Let X be a nondegenerate metric space such that each of its midsets is 
homeomorphic to an (n - l)-sphere. Then is X homeomorphic to an n-sphere? 
Partial answers have been obtained for the case where n = l-see [1,3,4,6,7] for 
example. For n = 2, Loveland [2] added conditions on X that allowed an applica- 
tion of Bing’s characterization of a 2-sphere to obtain an affirmative answer. 
Earlier Loveland and Valentine [5] characterized 2-dimensional spherical space 
using a strong linearity condition on the hypothesized l-sphere midsets. 
Loveland’s partial answer 141 for n = 1 motivated our work. His result can be 
stated as follows: 
Theorem [4]. Zf Xis a nondegenerate continuum in R2 such that each of its midsets is 
a O-sphere, then X is a topological l-sphere. 
In this paper we also study the above question but in the special case where X 
lies in some Euclidean n-dimensional space IR” (with the standard metric). In the 
next section we prove the following: 
(1) Let n > 3 and X be a nondegenerate compact subset of R” such that each of 
its midsets is a convex (n - 2)-sphere (= the boundary of a convex (n - l)-cell). Then 
X is a convex (n - l)-sphere. 
(2) Let n > 3 and X be a nondegenerate subset of KY’ such that each of its midsets 
is isometric to an (n - 2)-sphere (the radii may depend on midsets). Then X is 
isometric to an (n - l&sphere with certain radius. 
In Section 3, we consider the condition that each midset of a subset X of R” is 
a convex (n - l)-cell, and we show the following; 
(3) Let n z 2 and X be a nondegenerate subset of R” such that each of its midsets 
is a convex (n - l&cell. Then X is a convex n-cell. 
(4) Let n > 2 and X be a nondegenerate subset of R” such that each of its midsets 
is isometric to an (n - l)-dimensional ball (the radii may depend on midsets). Then X 
is isometric to an n-dimensional ball with certain radius. 
In the result (11, we do not know whether the compactness assumption of X can 
be removed. On the other hand, in the results (21, (3) and (41, we do not need to 
assume that X is compact. 
For convenience, we define some notations and terminologies. The standard 
metric on the n-dimensional Euclidean space IR” is denoted by d. We denote the 
n-dimensional ball ((n - l)-sphere respectively) centered at x E R” with radius 
r > 0 by B”(x, r) = (y E R”: d(x, y> G r) W-1(x, r) = M#“(x, t-1 respectively). 
The boundary of a convex n-cell is called a convex (n - l)-sphere. 
For a subset A of R”, conv(A) denotes the convex hull of A. It is well known 
that conv(A) = {Cj=lhi~i: 0 G Ai G 1, Ci=iAj = 1, ai EA). We call the subset 
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(Cj=lAiaj: 0 < Ai < 1, C{=lAj = 1, (Y~ EA} of conv(A) the geomettic interior of 
convC4). 
For points x, y of IR”, @ denotes the segment joining x and y. The (n - l)- 
dimensional hyperplane through the midpoint of x and y which is perpendicular 
to 5 is denoted by P(x, y>. For a nondegenerate subset X of R” and distinct 
points x and y of X, we denote the midset of x and y by M(x, y), that is 
M(x, y) =(2=x: d(z, x) =d(z, y)} =XnP(x, y). 
The following observation will be useful in the sequel. 
Lemma 1.1. Let A be a nondegenerate continuum in R” which is not an arc. For any 
point x E R”, there are distinct points a and b of A such that d(a, x) = d(b, x). 
2. Compact sets in R” with the convex sphere midset property 
At first, we prove the following. 
Theorem 2.1. Let n > 3 and X be a 
each pair x, y of distinct points of X, 
convex (n - O-sphere. 
nondegenerate compact set in R” such that for 
M(x, y) is a convex (n - 2)-sphere. Then Xis a 
Proof. For distinct points x and y of X, B(x, y) denotes the convex (n - l)-cell in 
P(x, y) whose boundary with respect to P(x, y) is M(x, y). 
Let Y be the convex hull of X. Then Y is compact and it is easy to see that 
dim Y = n. Thus, Y is a convex n-cell, and then it suffices to see that X = aY. 
We prove first that aY cX. Take a point p E aY. Since Y is a closed set in R”, 
we have that aY c Y and there is a finite subset of X whose convex hull contains 
p. We put k = mini I A I : A cX, p E co&A)), where I A I denotes the cardinality 
of A. Let ix,,.. ., xk) be a subset of X such that p E conv({x,, . . . , xJ). Then, by 
the minimality of k, p is in the geometric interior of conv({x,, . . . , x,}). Since 
p E aY and Y is a convex subset of IQ”, we have that conv({xi,. . . , xJ) cay. 
Suppose that k > 1 and consider the pair xi, x2. By Lemma 1.1, there are distinct 
points a and b of M(x,, x2) such that d(x,, a) =d(x,, b). Then, d(x,, a) = 
4x,, a> = d(x,, b) = d(x,, b). It follows that xi and x2 belong to M(a, b) c 
B(a, b). Thus, by the convexity of Ha, b), we have that x,x,cB(a, b). 
On the other hand, conv({a, b} UB(a, b)) is a subset of Y and the geometric 
interior of Ha, b) is contained in the interior of conv({a, b) u B(a, b)) (in P). 
Thus, Ha, b) n aY c Apia, ,B(a, b), where a,,, ,+a, b) means the boundary of 
Ha, b) with respect to P(a, b). It follows that Gc apCa,b,B(a, 6) = M(a, b) cX. 
The point p is represented as p = CfCIAixi, where CfCiAi = 1 and Ai > 0 for each 
i. Then, 
A2 -&xl + -x 
k 
A,+A, * 
+ xA,xi. 
1 2 i=3 
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By the above argument, the point (h,/(A, + A,))x, + (&/(A, + A,))x, is in X and 
this contradicts the minimality of k. Therefore, we have that k = 1, and hence p is 
a point of X. 
To see that Xc aY, take x E X. Since aY is a convex (n - l)-sphere, by Lemma 
1.1, there are distinct points a and b of aY such that &a, x) = d(b, x). From the 
first conclusion, a and b lie in X. Now, P(a, b) n aY c P(u, b) nX = M(u, b) and 
both of these sets are convex (n - 2)-spheres. Thus they must be the same set. 
Therefore, we have that x E M(u, b) c aY. q 
Remark_ We do not know whether the compactness assumption of X in Theorem 
2.1 can be removed; we use the compactness of X to conclude that Y is an 
n-dimensional cell and that aY c Y. In Theorem 2.2, Theorem 3.2 and Corollary 
3.3, there is no compactness assumption of X. 
If we assume that each midset is isometric to an (n - 2)-sphere, we have a 
stronger conclusion, that is, 
Theorem 2.2. Let II > 3 and X be a nondegenerute subset of R” such that for each 
pair x, y of distinct points of X, M(x, y) is isometric to an (n - 2)-sphere (their radii 
may depend on x and y). Then X is isometric to an (n - l)-sphere with certain radius. 
Proof. Fix distinct points x and y in X. For the simplicity of notation, we may 
assume that P(z, y) = R”-l x 0, 0 is the center of M(x, y) and r is the radius of 
M(x, y). Each point p of R” can be represented as p = (P~_~, p,), where 
Pn-i E LV-’ and pn is the nth coordinate of p. Put I = 0, _ i X R. Take any pair of 
antipodal points a and -a in M(x, y) and consider M(u, -a) which bounds an 
(n - 1)-ball B(u). Clearly, 0 is contained in the interior of B(u) (in P(u, -a)), 
then 1 n M(u, - a) consists of exactly two points. Since I n M(u, -a) = I n X, we 
have that 
(1) there exist two points s and t in I such that s, > 0, t, < 0 and I n X = Is, t), 
and 
(2) Mx, Y> n MU, -a) is isometric to Snp3(0, r). 
From (1) and (2), the radius of M(u, -a) is d(s, t)/2. Since a is an arbitrary point 
of M(x, y), we have that S = IJ{M(z, -2): z EM(~, y)} is an (n - 1)-sphere. We 
claim that S =X. Clearly S is a subset of X, then take any point p EX. Since 
M(x, y) is an (n - 2)-sphere in R”, there is a pair b and -b of antipodal points of 
M(x, y) such that d(b, x)=d(-b, x). Thus, p~P(b, -b)nX=M(b, -b)cS. 
Therefore S =X, and this completes the proof. 0 
3. Subsets of W” with the convex cell midset property 
By the same argument as in the proof of Theorem 2.1, we can prove the 
following. 
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Theorem 3.1. Let n 2 3 and X be a nondegenerate compact set in R” such that for 
each pair x, y of distinct points of ax, M(x, y) is a convex (n - l)-cell. Then X is a 
convex n-cell. 
The example in [2, 498-4991 shows that Theorem 2.1, Theorem 2.2 and 
Theorem 3.1 cannot be generalized for n > 2. On the other hand, if we assume 
that for each pair x, y of distinct points of X, M(x, y) is a convex (n - l&cell (or, 
isometric to an (n - l)-dimensional ball), we obtain the following results for n 2 2. 
Here, we prepare the following notations. For a subset S of R” and a point 
p E KY, p *S denotes lJ{c: x ES). For a point p E R” and E > 0, U(p, E) 
denotes the &-neighbourhood of p in KY. We represent a point p E R” as 
P = (P n-l, p,), where E)~-~E IF?"-' and p, is the nth coordinate of p. 
Theorem 3.2. Let n > 2 and X be a nondegenerate subset of R” such that for each 
pair x, y of distinct points of X, M(x, y> is a convex (n - l&cell. Then Xis a convex 
n-cell. 
Proof. The proof is in four claims. 
Claim 1. Int XZ @. 
Fix two distinct points x and y of X and consider the midset M(x, y). We may 
assume that P(x, y> = lR’“-’ X 0 and 0 E Int,,-l,,(M(x, y>>. Let I = O,_, X IL!. 
Choose a point a E Int,,-l,,(M(x, y)) such that -a is also contained in 
Int,,-l,,(M(x, y)). By the assumption, Ma, -a> is a convex (n - Dcell, then 
there is a point c = (0, _ i, cI1) E 1 such that E c Ma, -a>. Take two points e and 
f in iE\{O, cl and consider Me, f ). Choose a point g E M(e, f > n E. Since 
0 E IntRnml ,,(M(x, y)) and g E M(e, f ), there are B > 0, a point h = (h,_I, 0,) of 
M(x, y) such that 
U(h,_,, E) = U(h, e) n (W-‘x0) cM(x, y), 
and 
U(k, a) n (RnP1 xs,) cM(e, f), where k= (h,_l, g,) EM(e, f). 
By the convexity of the midset, it is easy to see that the “cylinder” U(h,_l, E) x 
[O, g,] cX. Hence, X has nonempty interior. 
Claim 2. For each x E Int X and each y E X\ Ix), there are distinct points a and b 
of X such that ?j c M(a, b) cX. And hence, @\ ( y} c Int X. 
The first assertion is trivial. Take an open neighbourhood U of x which is 
contained in Int X. Then, for each z E U, by the first assertion, ?j is contained in 
a midset. Therefore, we have that F\(y) cy * U\(y) c Int X. 
Claim 3. Cl(Int X) =X. 
Fix an interior point x of X. For each point y E X, Xy \ ( y) is contained in 
Int X by Claim 2. Hence y E Cl(Int X>. Next, let y be an arbitrary point of 
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Cl(Int X) and take a sequence (y,: n = 1, 2,. . .) of points of Int X which 
converges to y. Choose an open neighbourhood U of x which is contained in 
Int X. Then, from the proof of Claim 2, Int(y, * U) c Int X for each IZ = 1, 2,. . . . 
For each point z E xy \ { y), we can find a sufficiently large II and a point w E U so 
that z E wy, c y, * U. Therefore, we have that G\(y) c Int X. That is, @\ { y) is 
contained in a midset M(a, b). Since M(a, b) is a convex (n - l)-cell, it follows 
that y E Ma, b) cX. 
By Claim 2, it is easy to prove that Int X is convex. Thus, by Claims 1 and 3, X 
is an n-dimensional convex closed subset of R”. To complete the proof, it suffices 
to show the compactness, or equivalently the boundedness of X. 
Claim 4. X is compact. 
Fix an interior point x of X. Now assume that there is a sequence {xi: 
i = 1, 2,. . . } of X such that d(x, xi) + co. Fix any r > 0. Since (xi) is an unbounded 
sequence, we may assume that S(x, r> n @\{x}> # fl for each i = 1, 2,. . . . Let 
{yJ = S(x, r) n (xxi\(x)). Since X is a closed set, taking a subsequence if neces- 
sary, we may assume that the sequence {y,) converges to a point y of Xn S(x, r). 
Take the line L emanating from x and through y. By the definition of y, it is easy 
to see that Lim Kc L. Since x is an interior point of X, Claim 2 guarantees that 
- 
all of the xxi’s are contained in X. Thus, we have L cX, because X is closed by 
Claim 3. 
On the other hand, there are distinct points a, b of x such that L cP(a, b), 
because x is in the interior of X. Thus L c P(a, b) n X = Ma, b), which contra- 
dicts the compactness of M(a, b). Therefore, X is compact, completing the proof. 
If we assume that each midset is isometric to an (n - Dball, by the same 
argument as in Theorem 2.2, we have the following stronger conclusion. 
Corollary 3.3. Let n 2 2 and X be a nondegenerate subset of R” such that for each 
pair x, y of distinct points of X, M(x, y) is isometric to an (n - l)-ball (the radii 
may depend on x and y). Then X is isometric to an n-ball with certain radius. 
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